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We theoretically demonstrate the TE-TM mode coupling in two-dimensional photonic crystals composed of
liquid-crystal rods due to anisotropies of liquid crystals. In such structures, the classification of the TE and TM
modes is generally impossible, that is, the TE-TM mode coupling occurs. Frequencies of the mode coupling are
investigated by the plane-wave expansion method, and the mode coupling is discussed by transmittance
calculated by the finite-difference time-domain method. Changes of transmittance by rotating directors of
liquid crystals are also discussed.
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I. INTRODUCTION

Recently, photonic crystals with dielectric periodic struc-
tures have attracted much attention from theoretical and ex-
perimental viewpoints[1,2]. The photonic crystals have pho-
tonic band gaps in which light in a certain frequency range
cannot propagate, and group velocities of light become zero
at photonic band edges because of high dispersion relations
between frequencies and wave vectors. Moreover, point and
linear defects in photonic crystals with photonic band gaps
cause light localization and guiding, respectively. That is, the
point and linear defects can be viewed as cavities and
waveguides, respectively[3,4]. Therefore, many researchers
have devoted much effort to the development of photonic
crystals.

On the other hand, it is important to obtain the tuning of
optical properties in photonic crystals. Therefore, we have
proposed various tunable photonic crystals composed of
functional materials, such as conducting polymers whose op-
tical properties can be controlled by temperature and electric
fields [5,6]. In particular, dielectric indices of liquid crystals
are changeable under the influence of electric fields. We ex-
perimentally proposed to use liquid crystals to photonic crys-
tals and demonstrated tunable photonic crystals with syn-
thetic opals and their replicas infiltrated with liquid crystals
[6]. Theoretically, Busch and John supported the tunability of
photonic crystals infiltrated with liquid crystals[7], and we
have also proposed various unique tunable photonic crystals
incorporated with liquid crystals[8,9].

In our previous paper, we discussed the TE-TM mode
coupling in two-dimensional square-lattice photonic crystals
composed of Si rods with surface defects of liquid crystals
[9]. In this case, wide photonic band gaps and surface defect
modes exist in the TM mode, while no clear photonic band
gaps exist in the TE mode. We found that in the mode cou-
pling, transmittance decreases sharply and mode conversion
occurs at the photonic band edges and the surface defect
modes in the TM mode, regardless of the input TE and TM
waves. That is, the strong mode coupling occurs at frequen-
cies of zero group velocities in the TM mode. In this model,
the mode coupling occurs only at the surface defects of liq-
uid crystals in two-dimensional photonic crystals. Thus far,
however, the mode coupling throughout two-dimensional

photonic crystals due to anisotropies of liquid crystals has
not been studied.

In this paper, therefore, we discuss the TE-TM mode cou-
pling in two-dimensional square-lattice photonic crystals
composed of liquid-crystal rods. The TE and TM modes can
be classified in the case of directors of liquid crystals parallel
and perpendicular to two-dimensional planes. In the case of
other directors, however, the TE and TM modes cannot be
classified, that is, the mode coupling occurs. We investigate
frequencies of the mode coupling by the plane-wave expan-
sion (PWE) method[10], and discuss the mode coupling by
transmittance in theG-X and G-M directions. The transmit-
tance is calculated by the finite-difference time-domain
(FDTD) method[11]. Changes of the transmittance by rotat-
ing directors of liquid crystals are also discussed.

II. THEORY

Following Busch and John’s discussion, we calculate two-
dimensional photonic band structures composed of liquid-
crystal rods by the PWE method[7,10]. The magnetic field
Hsr d satisfies the following equation from the Maxwell
equations:

¹ 3 fe−1sr d ¹ 3 Hsr dg =
v2

c2 Hsr d, s1d

wherev and c are the frequency and the speed of light in
vacuum, respectively. The dielectric tensorei,jsr d si , j
=x,y,zd is two-dimensionally periodic with respect to lattice
vectors, and therefore,ei,jsr d can be expanded by the Fourier
series, as follows:

ei,jsr d = o
G

ei,jsGdexpsiG · r d, s2d

whereG andei,jsGd are the reciprocal lattice vector and the
coefficient of the Fourier series, respectively. By Bloch’s
theorem, moreover, the magnetic field is
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Hsr d = o
G

hsGdexphisk + Gd · r j

= o
G

o
l=1

2

hlsGdeG
l exphisk + Gd · r j, s3d

where k is the wave vector, andhlsGd and elsGd are the
amplitudes and the polarized vectors perpendicular tok +G,
respectively. In the case of liquid-crystal rods parallel to the
z direction, eG

1 and eG
2 are (0,0,1) and s−sky+Gyd ,kx

+Gx,0d / uk +Gu, respectively. Substituting Eqs.(2) and (3)
into Eq. (1) results in the following equation:

o
G8

uk + Guuk + G8u

3F eG
2 · e−1sG − G8d ·eG

2 , − eG
2 · e−1sG − G8d ·eG

1 ,

− eG
1 · e−1sG − G8d ·eG

2 , eG
1 · e−1sG − G8d ·eG

1 ,
G

3Fh1sG8d
h2sG8d

G =
v2

c2 Fh1sGd
h2sGd G . s4d

By solving the eigenvalue equation in Eq.(4), frequencies
for certain wave vectors are obtained. In the PWE method,
errors of photonic band structures with 441 plane waves are
within 1%. Details are discussed in Refs.[7,10].

We consider the two-dimensional photonic crystal in Fig.
1. Shaded circles indicate the liquid-crystal rods. A liquid
crystal has two kinds of dielectric indices. Light that has
electric field perpendicular and parallel to directors of liquid
crystals has the ordinary dielectric indexeo and the extraor-
dinary dielectric indexee, respectively. The directors of liq-
uid crystals can be controlled by the applied electric field.
The director of liquid crystals is assumed to exist in thexz
plane; that is, the director isn=ssinu ,0 ,cosud. u indicates
the angle relative to thez axis. Then, the dielectric tensor is
represented as follows:

exxsr d = eosr dcos2 u + eesr dsin2 u, s5ad

eyysr d = eosr d, s5bd

ezzsr d = eosr dsin2 u + eesr dcos2 u, s5cd

exzsr d = ezxsr d = heesr d − eosr djsinu cosu. s5dd

Other components of the dielectric tensor are zero. We con-
sideru from 0° to 15°, since we investigate large changes of
optical properties by changing small angles.

eG
2 ·e−1sG−G8d ·eG

1 and eG
1 ·e−1sG−G8d ·eG

2 in Eq. (4) are
zero in the case ofexzsr d=ezxsr d=0 at u=0° and 90°, and
therefore, the classification of the TE and TM modes is pos-
sible. Then,soGuh1sGdu2,oGuh2sGdu2d are (1,0) and (0,1) in
the TE and TM modes, respectively. AtuÞ0° or 90°, how-
ever, the mode coupling occurs, and
soGuh1sGdu2,oGuh2sGdu2dÞ s1,0d and (0,1). In particular,
soGuh1sGdu2,oGuh2sGdu2d becomes(0.5,0.5) at frequencies of
the strong mode coupling. We judge the mode coupling by
soGuh1sGdu2,oGuh2sGdu2d.

Moreover, we calculate transmittance in theG-X and G
-M directions by the FDTD method[11]. In the FDTD
method, higher accuracies and stabilities are obtained with
increasing discrete time and lattices. The discrete time and
lattices arecDt /a=0.0125 andDx/a=Dy/a=0.025, respec-
tively. a is the lattice constant of square lattices. These pa-
rameters satisfycDtø hs1/Dxd2+s1/Dyd2j−1/2, which com-
pensates the calculational stability. The number of time steps
in this calculation is 50 000, and errors are within 1%. As
shown in Figs. 1(a) and 1(b), input plane waves are assumed
to be incident in theG-X and G-M directions, respectively,
and we detect output electromagnetic waves on the right side
of the photonic crystals in Fig. 1. Flows of the electromag-
netic waves are defined by the Poynting vectors. In this pa-
per, the only input TE wave is considered, and then, the
output TE and TM waves are obtained. The output TM
waves are obtained due to the mode coupling by anisotropies
of liquid crystal. In the uniform media, the Poynting vectors
of the input TE wave and the output TE and TM waves are as
follows:

PTE
in =

1

2
huHz

insvdu2, s6ad

PTE
out =

1

2
huHz

outsvdu2, s6bd

FIG. 1. Schematic diagram of two-dimensional square-lattice
photonic crystals composed of liquid-crystal rods. Plane waves are
assumed to be incident in the(a) G-X and(b) G-M directions.R and
a indicate the radius of rods and the lattice constant, respectively.n
andu indicate the director of liquid crystals and the angle relative to
the z axis, respectively.
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PTM
out =

1

2h
uEz

outsvdu2; s6cd

h=Îm0/ se0ed is the wave impedance, ande0 and e are the
permittivity of free space and the dielectric constant of the
uniform media, respectively.Hz

insvd, Hz
outsvd, andEz

outsvd are
the Fourier transform of electromagnetic waves. Transmit-
tance of the output TE and TM waves for the input TE wave
is

TTE−TE =
PTE

out

PTE
in , s7ad

TTE−TM =
PTM

out

PTE
in , s7bd

respectively.
In Figs. 1(a) and 1(b), the photonic crystals are assumed

to have 15 and 21 layers, respectively. The regions embed-
ded by solid lines indicate the calculational regions. The per-
fect matched layers are imposed as absorbing boundary con-
ditions at the left and right sides of the calculational regions,
and periodic boundary conditions are imposed at the top and
the bottom of the calculational regions.

III. NUMERICAL CALCULATION AND DISCUSSION

Let us consider the two-dimensional square-lattice photo-
nic crystal composed of liquid-crystal rods, as shown in Fig.
1. The background is assumed to be air. Such a condition
could be realized by silica aerogels. Silica aerogels are po-
rous structures and diameters of pores are about 20 nm. Re-
fractive indices of silica aerogels are about 1.03, that is, they
are almost the same as that of the air. Optical absorption of
hydrophobic silica aerogels occurs around the infrared region
[12]. Therefore, the hydrophobic silica aerogels are useful in
the visible range. Indeed, hydrophobic silica aerogels are
used as very low refractive-index materials[13]. That is, the
two-dimensional photonic crystals composed of liquid-
crystal rods can be prepared by making a periodic array of
holes in the silica aerogel plate and then infiltrating liquid
crystals into holes.

When diameters of the holes are about 1mm and are
much larger than those of pores, liquid crystals could be
trapped into the drilled holes. In making the holes in the
silica aerogel plate by laser, moreover, pores around the
holes may be broken by the heat of laser. Then, we do not
have to consider the leak of liquid crystals into the pores
around the holes. An experimental fabrication of tunable
two-dimensional photonic crystals infiltrated with liquid
crystals has already been reported[14].

Liquid crystals with large anisotropies are necessary so
that photonic band structures show clear differences in the
TE and TM modes. We assumed the liquid crystal with the
ordinary indexno=1.590 and the extraordinary refractive in-
dex ne=2.223. This liquid crystal corresponds to the pheny-
lacetylene type liquid crystal[15]. In Fig. 1,R anda indicate
the radius of rods and the lattice constant, respectively, and
we assumeR/a=0.3.

In Fig. 2(a), we show the photonic band structure in the
TE and TM modes atu=0°. At u=0°, the mode coupling
does not occur. Solid and dotted lines indicate the TE and
TM modes, respectively. The photonic bands drawn by thick

FIG. 2. (a) Photonic band structures in the TE and TM modes at
u=0°. Solid and dotted lines indicate the TE and TM modes, re-
spectively. The photonic bands drawn by thick lines are uncoupled
modes. Circles indicate the strong mode coupling.(b) and(c) Trans-
mittance atu=0° in theG-X andG-M directions, respectively, in the
TE mode.
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lines are uncoupled modes in which external plane waves
cannot excite because of antisymmetric electromagnetic dis-
tribution [16]. As shown in this figure, the photonic band
structure in the TM mode has higher dispersion relations
between frequencies and wave vectors than that in the TE
mode.

Although the TE and TM modes cannot be classified at
uÞ0°, the strong mode coupling is not obtained generally
because of small angles, 0°øuø15°. However, we found
that the strong mode coupling occurs at frequencies of inter-
section points of the TE and TM modes, that is,
soGuh1sGdu2,oGuh2sGdu2d becomes(0.5, 0.5), as mentioned
in Sec. II. We investigated the mode coupling in theG-X and
G-M directions. In Fig. 2(a), circles indicate the strong mode
coupling. In the G-X direction, the circles exist around
va/2pc=0.40, 0.71, and 0.78, while in theG-M direction,
the circles exist aroundva/2pc=0.50, 0.65, and 0.73. How-
ever, we note that the strong mode coupling does not occur at
frequencies of intersection points of thick and thin lines due
to differences of symmetry by uncoupled modes.

First, we discuss transmittance in the case of the mode
noncoupling. As shown in Fig. 2(a), the photonic band struc-
ture in the TE mode has low dispersion relations in compari-
son with that in the TM mode, and changes of transmittance
in the TE mode for frequencies are small. We focus our
attention on changes of transmittance for the input TE wave
by rotatingu.

Figures 2(b) and 2(c) show transmittance atu=0° in the
G-X and G-M directions, respectively, in the TE mode. In
Fig. 2(b), the transmittance in theG-X direction has a clear
photonic band gap, while in Fig. 2(c), that in theG-M direc-
tion has no clear photonic band gaps. In particular, the trans-
mittance in Fig. 2(c) exhibits complex behaviors in the fre-
quency range ofs0.6–0.8d2pc/a, due to several dispersion
relations. These results coincide with the photonic band
structure in Fig. 2(a).

Next, we discuss transmittance in the case of the mode
coupling. Figure 3(a) shows the photonic band structure at
u=15° in theG-X direction. Since we cannot classify the TE
and TM modes, we draw all of photonic bands by solid lines.
However, this photonic band structure is similar to that in
Fig. 2(a), and circles in Fig. 3(a) correspond to those in Fig.
2(a). As shown in this figure, in particular, a clear small gap
appears at the circle aroundva/2pc=0.71.

Figures 3(b) and 3(c) show the transmittance atu=15° of
the output TE and TM waves for the input TE wave, respec-
tively, in the G-X direction. In Fig. 3(b), the transmittance
changes significantly aroundva/2pc=0.71 in comparison
with that in Fig. 2(b). This frequency corresponds to that of
the circle in Figs. 2(a) and 3(a). That is, the transmittance
decreases because of the clear small gap by the strong mode
coupling. Around frequencies of other circles, however, clear
changes cannot be viewed in the transmittance. This is be-
cause it is difficult to obtain the clear changes at photonic
band edges where the transmittance changes abruptly for fre-
quencies. In Fig. 3(c), on the other hand, the transmittance
shows no characteristic changes even aroundva/2pc=0.71,
although the transmittance of the output TM mode is ob-
tained due to the mode coupling. That is, the clear small gap
by the strong coupling does not cause effective mode con-
version.

Figure 4(a) shows the photonic band structure atu=8.5°
in the G-M direction. Since we cannot classify the TE and
TM modes, as mentioned earlier, we draw all of photonic
bands by solid lines. However, this photonic band structure is
similar to that in Fig. 2(a), and circles in Fig. 4(a) correspond
to those in Fig. 2(a). As shown in this figure, in particular, a

FIG. 3. (a) Photonic band structures atu=15° in theG-X direc-
tion. Circles indicate the strong mode coupling.(b) and (c) Trans-
mittance atu=15° of the output TE and TM waves for the input TE
wave, respectively, in theG-X direction.
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clear small gap appears at the circle aroundva/2pc=0.73.
Figures 4(b) and 4(c) show the transmittance atu=8.5° of

the output TE and TM waves for the input TE wave, respec-
tively, in the G-M direction. In Fig. 4(b), the transmittance
changes sharply aroundva/2pc=0.5 in comparison with
that in Fig. 2(b). This frequency corresponds to that of the
circle in Figs. 2(a) and 4(a). However, the transmittance

shows no clear changes around frequencies of other circles
because of several dispersion relations in the frequency of
s0.6–0.8d2pc/a. In Fig. 4(c), on the other hand, the trans-
mittance shows sharp peaks aroundva/2pc=0.5 and 0.65.
These frequencies correspond to those of the circles in Figs.
2(a) and 4(a). This is because in the photonic band structure
in the TM mode, group velocities mostly become zero at
these frequencies, as shown in Fig. 2. That is, significant
changes occur because of the long mode coupling time.
Around va/2pc=0.5, in particular, the transmittance of the
output TE wave becomes zero and that of the output TM
wave shows the effective peak, which indicates mode con-
version from the TE mode to the TM mode although trans-
mission intensity decreases.

Figures 5(a)–5(c) show the photonic band structure atu
=15° and the transmittance atu=15° of the output TE and
TM waves for the input TE wave, respectively, in theG-M
direction. These figures correspond to Figs. 4(a)–4(c). As
shown in Fig. 5(a), clear small gaps appear at the circles
aroundva/2pc=0.5 and 0.73.

In spite of the increasing of anisotropies of liquid crystals,
the transmittance in Fig. 5(b) increases aroundva/2pc
=0.5 in comparison with that in Fig. 4(b), while the trans-
mittance in Fig. 5(c) decreases aroundva/2pc=0.5 in com-
parison with that in Fig. 4(c). This is because the clear small
gap appears at the circle aroundva/2pc=0.5, as shown in
Fig. 5(a). As mentioned in Fig. 3(c), the mode conversion
effect decreases by the clear small gap. Although there exists
a frequency region without any photonic bands around
va/2pc=0.71 in Fig. 3(a), there exist no such frequency
regions aroundva/2pc=0.5 in Fig. 5(a). Unlike the trans-
mittance aroundva/2pc=0.71 in Fig. 3(b), therefore, that in
Fig. 5(b) does not decrease aroundva/2pc=0.5 in compari-
son with that in Fig. 4(b). On the other hand, the transmit-
tance in Fig. 5(c) increases aroundva/2pc=0.65 in com-
parison with that in Fig. 4(c) because of the increasing of
anisotropies of liquid crystals. In this case, there are no clear
small gaps aroundva/2pc=0.65, as shown in Fig. 5(a).

In Figs. 6(a)–6(c), u dependences of transmittance in the
G-X andG-M directions are shown, respectively. Figure 6(a)
shows theu dependences of the transmittance of the output
TE wave for the input TE wave aroundva/2pc=0.71 in the
G-X direction. This frequency corresponds to that of the
circle in Figs. 2(a) and 3(a). We do not consider the trans-
mittance of the output TM wave because it shows no char-
acteristic behaviors, as shown in Fig. 3(c). Black points in-
dicate the transmittance of the output TE wave. The
transmittance of the output TE wave decreases monotoni-
cally with increasingu. This is due to the increasing of the
clear small gap by the strong coupling with increasingu, as
shown in Fig. 3(a).

Figure 6(b) shows theu dependences of the transmittance
of the output TE and TM waves for the input TE wave
aroundva/2pc=0.5 in theG-M direction. This frequency
corresponds to that of the circle in Figs. 2(a), 4(a), and 5(a).
Black and white points indicate the transmittance of the out-
put TE and TM waves, respectively. With increasingu, the
transmittance of the output TE wave decreases monotoni-
cally, and increases after becoming zero aroundu=8.5°. On
the other hand, the transmittance of the output TM wave

FIG. 4. (a) Photonic band structures atu=8.5° in theG-M di-
rection. Circles indicate the strong mode coupling.(b) and (c)
Transmittance atu=8.5° of the output TE and TM waves for the
input TE wave, respectively, in theG-M direction.
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becomes maximum aroundu=8.5°. With increasingu, both
anisotropies of liquid crystals and the clear small gap around
va/2pc=0.5 increase. Although the former strengthens
mode conversion effects, the latter weakens them. Therefore,
theu dependences of the transmittance show complex behav-
iors, as shown in Fig. 6(b).

Figure 6(c) shows theu dependences of the transmittance
of the output TM wave for the input TE wave around

va/2pc=0.65 in theG-M direction. This frequency corre-
sponds to that of the circle in Figs. 2(a), 4(a), and 5(a). We
do not consider the transmittance of the output TE wave
because it shows no clear changes, as shown in Figs. 4(b)
and 5(b). White points indicate the transmittance of the out-
put TM wave. The transmittance of the output TM wave
increases monotonically with increasingu, that is, mode con-
version effects increase. This is due to the increasing of

FIG. 5. (a) Photonic band structures atu=15° in theG-M direc-
tion. Circles indicate the strong mode coupling.(b) and (c) Trans-
mittance atu=15° of the output TE and TM waves for the input TE
wave, respectively, in theG-M direction.

FIG. 6. u dependences of transmittance in the(a) G-X and (b),
(c) G-M directions. The considered frequencies are around
va/2pc=sad 0.71, (b) 0.5, and(c) 0.65. Black and white points
indicate the transmittance of the output TE and TM waves for the
input TE wave, respectively.
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anisotropies of liquid crystals with increasingu. Because
there are no clear small gaps in this case, the transmittance
does not decrease.

From these results, the mode coupling occurs mainly at
frequencies of intersection points of the TE and TM modes.
In particular, the transmittance of the output TE wave
changes sharply at frequencies of the intersection point of
zero group velocities in the TM mode, while the transmit-
tance of the output TM wave shows sharp peaks. However,
clear small gaps by the strong mode coupling weaken mode
conversion effects. This finding would provide applications
to the sharp tuning at certain frequencies.

IV. CONCLUSION

We theoretically demonstrated the TE-TM mode coupling
in two-dimensional photonic crystals composed of liquid-

crystal rods due to anisotropies of liquid crystals. The mode
coupling mainly occurs at frequencies of intersection points
of the TE and TM modes. By rotatingu, the transmittance of
the output TE wave changes greatly aroundva/2pc=0.71
and 0.5 in theG-X andG-M directions, respectively. By ro-
tating u, in particular, the effective mode conversion occurs
at frequencies of the intersection points of zero group veloci-
ties in the TM mode. However, clear small gaps by the
strong mode coupling weaken the mode conversion effects.
This finding would provide applications to the sharp tuning
at certain frequencies.
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